The wave functions u(r) which describe the scattering of timeharmonic waves (acoustical, electromagnetic, etc.) In deriving the properties of such functions the integral representation
The wave functions u(r) which describe the scattering of timeharmonic waves (acoustical, electromagnetic, etc.) by bounded scatterers satisfy the Helmholtz equation and Sommerfeld's radiation condition (1) where p = \r-r'\, plays a fundamental role. In deducing (2) it is usual to introduce additional hypotheses on u(r) (see, e.g. [2, pp. 23-26] ), notably Sommerfeld's "condition of finiteness" [6] w(r)=0(l/r), r->«o.
In the present paper it is shown how (2) may be derived without such additional assumptions. The utility of (2) is then demonstrated by deriving two important theorems for wave functions from it.
1. A statement of results.
Definition.
An exterior region F is a region (open connected set)
consisting of all points outside a closed bounded surface S.
Definition.
A radiation function for the exterior region F is a complex-valued function u{r) which satisfies A. w(r) is of class C2 and satisfies the Helmholtz equation where k^O is a complex number satisfying Im k^O.2 Here r is a position vector and {r, 0, <p) are spherical coordinates for it.
The main result of this paper is that any radiation function may be represented in the form (2) . The proof is based on a lemma. With the help of the lemma it is easy to prove the following Representation theorem. Let u{r) be a radiation function for an exterior region V bounded internally by a regular surface S. Then
where n is a unit normal to S, pointing into V, and p = | r-r'\.
From this result one may infer the Expansion theorem. Let u{r) be a radiation function for the region exterior to a sphere \t -To\ =c, and let {r, 6, <j>) be spherical coordinates for r relative to an origin at r0. Then
where the series converges for r>c and converges absolutely and uniformly in r, 6 and <p in any region r^c+e>c. The series may be differentiated term by term with respect to r,d, and <p any number of times and the resulting series all converge absolutely and uniformly.
Corollary.
The coefficients fn(0, <£), «>0, may be determined from the "radiation pattern" /o(0, <p) by the recursion formula
is Beltrami's operator for the sphere. Hence, in particular, u(r) is determined in the region r>c by its radiation pattern.
The expansion theorem and its corollary imply the following 
D.
u(rû>) = 0(1/V), r-> co, uniformly in ¿¡>. Atkinson [l] , in 1947, proved that radiation functions satisfying D could be expanded in a series (4) which converged uniformly and absolutely. This result has recently been refined by Barrar and Kay [3 ] who showed that, under Atkinson's hypotheses, the series (4) can be differentiated term by term any number of times and that the recursion formula (5) holds. They also sketched a proof that condition D is not needed, but the author believes that their proposed proof is incorrect. Turning now to the uniqueness theorem, let u and v be any two radiation functions for V which satisfy C. Then w = u-v is a radiation function for V which satisfies C with/=0. This is not immediately apparent since defining condition B for radiation functions is not linear. However, by the expansion theorem both u and v, and therefore w, have expansions of the form (4) which converge absolutely and uniformly and may be differentiated term by term. It follows easily that w is a radiation function for V. Hence equation (iii) holds with the right-hand term equal to zero. In the case Im k>0 the remainder of the proof is particularly simple, for then (iii) implies that 
